The bifurcation behaviour of the 3D magnetohydrodynamic equations has been studied for external forcings of varying degree of helicity. With increasing strength of the forcing a primary non-magnetic steady state loses stability to a magnetic periodic state if the helicity exceeds a threshold value and to di erent non-magnetic states otherwise.
Introduction
A prominent objective in the theory of electrically conducting uids is the explanation of the origin of the cosmical magnetic elds, such as those of the Earth and the Sun (for a recent account of the subject see e.g. Ref. 1]). The majority of studies in this eld has been kinematic. Kinematic dynamo theory studies the conditions under which a prescribed velocity eld can amplify, or at least prevent from decaying, some seed magnetic eld, completely disregarding the equations governing the motion of the uid. The hitherto most successful branch of kinematic dynamo theory is the theory of the turbulent dynamo 2, 3], which has supplied evidence that the presence of kinetic and magnetic helicities is favourable for a dynamo e ect. With v, B and A denoting uid velocity, magnetic eld and a magnetic vector potential, the densities per unit volume of kinetic and magnetic helicity are de ned by H K = v curl v; H M = A B: (1) Simple examples of strongly helical ows are provided by the so-called ABC ows, v = v ABC = (A sin z + C cos y; B sin x + A cos z; C sin y + B cos x); (2) where A, B and C denote constant coe cients. By satisfying curl v = v, they have the Beltrami property, curl v v = 0, and in general (if ABC 6 = 0), there are domains in the ow where the streamlines are chaotic. For these reasons, they have received much interest 4, 5, 6], notably as candidates for fast dynamos (kinematic dynamos for which the growth rate of the magnetic eld remains bounded away from zero as the magnetic di usivity tends to zero). The ABC ows are steady solutions of the incompressible Euler equations. They are also steady solutions of the incompressible Navier{Stokes equations if an external body force f = ? v ABC = v ABC (3) just compensating for viscous losses (see Eq. (4) below) is applied; in this case they are stable below und unstable above a certain critical strength of the forcing or critical Reynolds number, respectively 7, 8] . Imposing this kind of forcing, Galanti et al. 9 ] studied the complete system of the incompressible magnetohydrodynamic (MHD) equations. Numerically simulating the system for selected Reynolds numbers and selected initial conditions, they observed that at some critical value of the Reynolds number a stable ABC ow without a magnetic eld loses stability to a time-periodic state with a magnetic eld. In the present paper we continue the study of Galanti et al. by systematically applying numerical methods of bifurcation analysis. In particular, by varying the degree of helicity in the forcing, we check the role of helicity for a dynamo e ect.
Basic equations, truncation, and forcing
We start from the incompressible non-relativistic MHD equations, In our numerical calculations, an isotropic truncation in wave number space has been used, following Lee 11, 12] , who segmented k space into successive shells n 2 ? n < k 2 n 2 + n, n = 1; 2; . In most of our calculations we have taken into account three shells, corresponding to 89 k-vectors, which amounts to studying a system of 712 ODE. But partially, to test the in uence of the degree of truncation, up to 9 shells were included in the computations, corresponding to 1847 k-vectors and 14776 ODE, respectively.
Our forcing has been a generalisation of the ABC forcing (Eq. (3) 
and is a parameter varying between 0 and 0. R and have been our bifurcation parameters.
Results
For weak forcing (small R), there exists a stable stationary solution | in the case of = 0 just the ABC ow | with vanishing magnetic eld, and all system trajectories are attracted by this solution. While keeping xed the value of , we have traced the steady-solution branch for varying R by means of a predictor-corrector method, in each step calculating, in order to detect bifurcation points, the eigenvalues of the Jacobian matrix. For < 0:4 the steady state loses stability in a Hopf bifurcation. <12.0 Table 1 : Reynolds number at which the Hopf bifurcation was observed for di erent truncations in wave number space in the case of = 0.
critical Reynolds number on the degree of truncation is discernible, with a tendency to higher values for weaker truncation. The latter may be due to an increase of the energy dissipation with increasing number of modes. Because of a very long run time of the program calculating the eigenvalues of the Jacobian matrix, for the cases with more than 5 shells in k space only upper bounds for the critical Reynolds number are given, obtained from simulations of single trajectories.
In the following we present results obtained by applying the three-shell truncation. These are likely to be representative of the system at least for Reynolds numbers not too far above the critical value for the rst bifurcation of the original steady state.
The good convergence is discernible, as well as that at least one exponent is positive. The chaotic attractors found here look all similar. They are strongly suggestive of Shilnikov-type homoclinic chaos (see Fig. 3 ) and their appearance seems to be connected with the degenerate bifurcation at = 0:4 (crossing of solid and dashed line in Fig. 1 ). In problems with two parameters, the occurence of homoclinic orbits in the vicinity of such points of degeneracy is a generic phenomenon (see e.g.
Ref. 14]).
In Fig. 1 , asterisks indicate points at which non-magnetic Shilnikov-like chaotic attractors have been found. The non-magnetic chaotic domain extends also to values less than 0.4, there causing a disappearance of the dynamo e ect already present at smaller Reynolds numbers, which is reminiscent of the \windows" in dynamo action found in kinematic studies 6].
Finally, we wish to emphasize that in the present paper we have dealt with the behaviour of our system only for Reynolds numbers below or slightly above the rst 
Conclusion
It has been shown by a bifurcation study of the complete system of the MHD equations with a generalised ABC forcing that the transition from an always existing stable stationary solution to time-dependent states is decisively in uenced by the degree of helicity in the forcing. If the helicity exceeds a certain threshold value, a Hopf bifurcation leads to a magnetic periodic state (dynamo e ect). For helicities below the threshold value the transition is more complex, but always the ensuing time-dependent states (including chaotic ones) are non-magnetic.
